Abstract-Controlling the motion of multiple miniature objects independently and simultaneously is a grand challenge in microrobotics. In this paper, we report our recent achievements in acoustic manipulation that can control the motion of multiple objects simultaneously and independently on a centrally actuated vibrating plate. By employing spatially highly nonlinear excitation fields on the plate, we can control the motion of multiple objects with relaxed properties. The paper reports the modelling of the excitation fields, open-loop control based on pre-calculated control sequence, and closed loop control using model predictive control (MPC) and linear programming methods. The experimental results show that with appropriate planning, object motion on vibrating plate is sufficiently predictable to be controlled even in open-loop. The experimental results with closed-loop control show that the methods allow various applications including trajectory following, particle assembling, and droplet merging. Despite the reported method is based on acoustic manipulation on a Chladni plate, the method can be extended to other energy fields as soon as they are spatially highly nonlinear and such nonlinearity can be excited.
I. INTRODUCTION
Controlling the motion of miniature objects on solid surfaces or in fluids has numerous applications from manipulation of microparticles, cells and other organisms on a microfluidic chip [1] - [6] , to microassembly inside liquid [7] and moving droplets on biochips [8] , [9] . A great variety of systems have been developed, by applying different energy fields or harvesting local energy or power sources, e.g. electrostatic force [10] , [11] , electromagnetic [12] , [13] , acoustic [4] , [6] , optical [14] , thermal [15] , chemical [16] , and bacteria propelled [17] systems. The miniature objects controlled by those manipulation systems are often called mobile microrobots or mobile micro agents. Often, such systems can control the motion of single objects or a group of objects where the motion of the objects is similar.
Despite the remarkable achievements in controlling the motion of miniature objects, it remains a grand challenge to control the motion of multiple objects independently and simultaneously. To date, only limited successes have been achieved in independent motion control of multiple objects, mostly by designing miniature objects with distinct properties. For example, individual objects are designed with different mechanical properties so that they react distinctly to a uniform excitation signal in electrostatic manipulation [10] . Two microrobots are designed to possess different mechanical resonant frequencies allowing independent motion control in magnetic manipulation [12] , where motion of microrobots can be switched on or off by varying the frequency of the magnetic field. The geometry of microrobots are designed to respond uniquely to the same applied magnetic fields allowing simultaneous manipulation in a dissimilar fashion [18] , [19] . All those work requires careful design or selection of the properties of individual micro objects, which greatly limits their potential applications.
This paper attacks the problem from a different angle, where we use a spatially highly nonlinear excitation field for independent and simultaneous acoustic manipulation of multiple objects. We apply an extremely simple physical setup -a centrally-actuated vibrating plate, known as Chladni plate, where just a single actuator mounted at the center of the plate is used to drive the system. By changing the driving frequency, the plate offers complex frequency-dependent two-dimensional excitation fields on the plate surface. Those fields allow us to control the motion of multiple objects independently and simultaneously for a wide range of objects where the properties of individual objects may or may not be the same. Despite its remarkable ability, our hardware is the simplest among all acoustic manipulation systems [1] , [4] , [20] - [23] .
In this paper, we summarize our recent works on acoustic manipulation of multiple particles on a Chladni plate. We discuss the modelling method for such spatially nonlinear and frequency-dependent fields, and several open-loop and closedloop control methods implemented for the system. Then, we experimentally study the capabilities of different control methods and report their achievements. This work is based on our recent paper [24] , with broader perspective and additional analysis and experimental results.
II. EXPERIMENTAL SETUP
The experimental platform is shown in Fig. 1 . The setup consists of a diced silicon plate (50 mm × 50 mm × 525 μm), actuated by a centrally-mounted piezoelectric actuator (Piezomechanik/PSt 150/2x3/5). The piezoelectric actuator is mounted to the central backside of the plate using cyanoacrylate adhesive. To excite the plate, the actuation signal is generated within a control PC, sent out through a D/A converter (National Instruments/USB-6363), and amplified (Piezosystems/EPA-104-230) to the piezoelectric actuator. The particles to be manipulated are placed on the vibrating plate. The plate is imaged by a camera (ImperX/IGV-B1621C-KC000 with Infinity/InfiniMite Alpha lens) during particle manipulation. The camera is connected to the control PC to feedback the positions of particles. To provide better contrast, a ring of LEDs was mounted horizontally around and slightly above the plate.
III. MODELLING OF THE MOTION ON CHLADNI PLATE
Extensive effort has been devoted to model Chladni patterns and resulted particle motion using PDE eigenvalue solutions [25] . However, a centrally-actuated Chladni plate should be considered as a driven oscillation system where resonance frequencies are different from Eigen frequencies. In a recent work [26] , theoretical model was put forward for a centrallyactuated Chladni plate based on solving the two-dimensional inhomogeneous Helmholtz equation. However, the mentioned theoretical model does not carefully explain the particle motion on the plate except in certain frequencies.
We developed a fully data-driven method to model the particle motion using particle tracking velocimetry (PTV), as illustrated in Fig. 2 . We evenly placed numerous (mostly greater than 100) compressed 600 μm solder balls over the plate. Then, we excited the plate with notes where each note was attributed by a certain frequency, voltage amplitude, and duration. The selection of frequency of each note can be based on different criteria, e.g. the frequency with most significant particle motion. In [24] , we selected the notes according to western musical theory, from the chromatic scale from C6 (1.047 kHz) up to A#10 (29.83 kHz). Voltage amplitudes vary with frequencies, and have been selected in the range of 1.49 volts up to 90 volts. To create the model of particle motion, we measured the position of each particle before and after every excitation using the top-view camera, and calculated the displacement . For all different notes, a dataset were created from the measurement data. We used locally weighted scatterplot smoothing (LOESS) regression method to fit a model to the data points as (1) Where is a two-dimensional displacement model fitted for note n,
, N the number of notes, and is the model residual. After fitting , we computed for each data point, and used a similar fitting procedure for (p, |e| 2 ) dataset to find the residual field of each note as a function of position ( ).
Details of the modelling procedure using the western musical note are explained in [24] . Fig. 3 illustrates the theoretically computed Chladni figures, modelled vector fields, and residual fields. The experimentally obtained displacement fields can be related to theoretically predicted Chladni figures, but with significant difference.
IV. CONTROL STRATEGY

A. Open-loop control strategy
A simulation framework is constructed based on the displacement and residual models. We use the simulation framework to generate the required sequence of notes for a predefined manipulation task. The generated sequence is then replayed in real setup to control the particle motion in open-loop. We use two methods to generate the notes sequence for openloop control experiments, direct method and Neighborhood Net Motion method.
1) Direct method
In this method, the notes sequence is generated by simulating the motion of one particle towards its target. At a given point, the note to be played is selected based on the control algorithm explained in [24] . In order to include the motion uncertainty, we use the noise factor calculated from the residual field model. The position of particle is then updated by adding the displacement vector and the noise factor of the current position. The procedure is repeated until the target is reached. The note in each iteration is recorded to be replayed in the real setup.
2) Neighborhood Net Motion method
The system behavior of Chladni plate is chaotic and the object motion is sensitive to its initial position. Even 1 nm change in initial position can lead up to 100 μm difference in the trajectories [24] . In experiment, such initial position error is unavoidable. The accuracy of the vision system could easily contribute to such positioning error.
In order to incorporate such initial position error in openloop planning, for a given initial position we shall select the note such that the displacement field will move not only the particle at the given position but also when the particle is slightly off Fig. 3 . Comparison of theoretical Chladni figures and statistically modeled displacement fields for the notes. First row shows the theoretically computed Chladni figure, second row shows the modelled vector field, third row shows the absolute displacement, and the fourth row shows the residual. Adapted from [24] . from the given position. In the implementation, we represent a single particle with multiple neighbor points that spread around the given position at certain radius. The radius is chosen to represent the maximum initial position error. The note for each step is then selected such that the displacement vectors will produce net motions of all neighbor points toward the target. Thus we call this method as Neighborhood Net Motion (NNM).
B. Closed-loop control strategy
We implemented closed-loop control schemes to plan and control the motion of objects on the plate. We use a camera to capture the top-view of the plate, and repeatedly measure the position of the objects on the plate. In every step, we use the model to choose a note that moves the objects towards their desired directions. Two methods have been used for this purpose: (1) model predictive control (MPC) and (2) linear programming.
1) Model predictive control (MPC)
Our model predictive controller is based on iterative optimization of the nonlinear cost function J for a finite horizon. The system is assumed Markovian where the current state of the system (position of the objects) is independent from the history. At time step t, positions of the objects are sampled and the optimization cost function J is calculated for all mode combinations until time horizon T. The optimization cost function J is represented as (2) Where M denotes the number of particles, i is the current time horizon, w is the weighting factor, is the target position for particle m, is the expected position of object m in time horizon i, and is the residual field calculated for each mode as a function of position. In time horizon 1, we use the measured current location of the object instead of expected position. In every time step, only the first calculated note is played, then the position is sampled again and the calculations are repeated starting from the new current position. We used in our control experiments presented in section V.B.
2) Linear programming
In each time step, the computer solves a linear programming problem and calculates a linear combination of all the modelled displacement fields such that the net motion for all the objects at their current position is guided towards the desired direction. The new weight of each note is then added to the previously accumulated weight of that note. Then the note with the highest accumulated weight is played and its accumulated weight is reset to zero. The procedure is repeated in the following time steps until the targets are reached. The details of the control method are explained thoroughly in [24] .
V. RESULTS
All control strategies have been experimentally validated in manipulating particles. The particles are usually from the same batch of particles used for modelling the displacement fields unless explicitly stated.
A. Open-loop control result
In open-loop control, we replayed the recorded sequence of note from simulation to move the particle on the real plate from its initial position in predefined trajectory without any position feedback. The results are shown in Fig. 4 for various trajectories with the sequence of notes generated from direct method and NNM method. By using the direct method, the manipulation task for line, square, and circle trajectories was completed in 1639, 931, and 705 control steps, respectively. However, NNM took considerably more control steps to accomplish the manipulation tasks. To complete the line, square, and circle trajectories, NNM required 6173, 7595, and 10075 control steps, respectively.
We also performed particles merging experiment, in which two separated particles are moved simultaneously to merge by minimizing the distance between the particles. The sequence of notes were generated in simulation with direct and NNM method. The result is also shown in Fig. 4 . In average, the final center-to-center distance for the direct method and NNM method were approximately 1.1 mm and 1.0 mm, respectively, while the diameter of the particles were slightly larger than 600 μm. In average, the particle merging was completed by the direct and NNM method in 678 and 1457 control steps, respectively.
B. Closed-loop control result
We have successfully demonstrated motion control of single and multiple particles on the Chladni plate using both the MPC and the linear programming controllers.
Multiple trajectory following experiments was carried out with single and multiple particles. By using closed-loop MPC method, we manipulated a 750 μm spherical glass bead along a T-shaped trajectory (Fig. 5a ) in 664 control steps. In another experiment, we performed point-to-point transportation of three solder balls towards predefined targets (Fig. 5b) in 551 control steps. We also demonstrated trajectory following with one ( Fig.  6a ) and three particles (Fig. 6b) using the closed-loop linear programming controller in 1181 and 1580 control steps, respectively.
Sorting objects into distinguished groups is a widely applicable task. In (Fig. 6c) , the linear programming controller was used for sorting of six particles into two groups. The particles were initially placed in arbitrary positions on the plate. Then, the controller manipulated three of the particles towards the upper right corner of the plate and the others towards the lower left corner of the plate in 11030 control steps. At the end of the experiment, the particles were well-divided into two distinct groups. Furthermore, we performed pattern transformation utilizing the linear programming controller. Four different types of objects, a mustard seed, a chia seed, a candy ball, and a surface mount technology (SMT) resistor were placed at their corresponding initial position. The controller then transformed these particles from the initial diamond shape into a square shape (Fig. 6d) in 2173 control steps.
We have also created patterns on the plate using the linear programming controller. In these experiments, we define a target pattern consisting of line segments and select the desired direction of each particle towards the nearest point on a line segment in the pattern. We refer to these patterns as artificial nodal lines, because the particles tend to aggregate along these lines, though the lines do not correspond to any Chladni figures of the plate. We formed a triangular pattern using six solder balls (Fig. 6e) in 2096 control steps. Moreover, we aligned six radio frequency identification (RFID) chips in a line from initially scattered formation (Fig. 6f) in 1375 control steps.
In another application, we loaded 8 μl water droplets on two SMT resistors. The resistors were used as the end-effectors of an untethered microrobotic system. We transported the water droplets and merged them into a single droplet (Fig. 7) in 318 control steps. We quantified the achievable manipulation accuracy of our control methods by performing line following experiments and measuring the tracking error from the reference path. A summary of the results are presented in Table. I. The accuracy of line following was calculated with respect to the reference line while repeatability values correspond to standard deviation across actual trajectories. We used the T-shaped trajectory following experiment (Fig. 5a ) to quantify the accuracy of the MPC method. The measured data show an accuracy mean error of 17 μm and a standard deviation of 142 μm. We performed square line following experiment to characterize the tracking accuracy of the linear programming controller. We used a 25 mm × 25 mm square as the reference trajectory, and the experiments were repeated 6 times. The measured data show an accuracy mean error of 4 μm and a standard deviation of 125 μm. The resolution of our top-view camera is approximately 60 μm in the object space. Therefore, the tracking error can be mainly attributed to the top-view camera resolution. The accuracy of our system could be further improved by increasing the top view resolution from the current 60 μm and reducing the duration of the notes. Total manipulation time is determined by duration of each note and number of control steps. Duration of notes in open-loop and closed-loop experiments were 100 and 500 ms, respectively, except in Fig. 7 where we used 250 ms. Number of manipulation steps is affected by number of particles, manipulation trajectory length, as well as availability of optimal vector fields towards the target locations.
VI. CONCLUSION
This paper has shown a new route to independent and simultaneous control of multiple objects where the properties of the objects can be rather relaxed. The fundamental idea is to employ spatially highly nonlinear excitation fields allowing independent and simultaneous motion control of particles. The hardware apparatus is extremely simple: a vibrating plate mounted on a single piezoelectric actuator. The displacement of particles on the plate has been modelled using particle tracking velocimetry and the model has been used in various open-loop and closed-loop control methods.
In open-loop control experiments, we replayed the precalculated sequence of notes to move the particle along predefined trajectories. The actual trajectory tends to deviate from the predefined trajectory as number of steps increases. The Neighborhood Net Motion (NNM) method allows trajectory following with reasonable deviations. In closed-loop control experiments, we used vision feedback control. It significantly improves the control accuracy, thus enabling complex manipulation tasks. We implemented model predictive control (MPC) and linear programming methods to accomplish various tasks, including trajectory following, particle sorting, pattern formation, and merging droplets.
Despite the reported method is based on acoustic manipulation on a Chladni plate, the proposed methods can be extended to other energy fields provided that they are spatially highly nonlinear and such nonlinearity can be excited. 
